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We investigate the band structure and the optical absorption spectrum of twisted bilayer
graphenes with changing interlayer bias and Fermi energy simultaneously. We show that the inter-
layer bias lifts the degeneracy of the superlattice Dirac point, while the amount of the Dirac point
shift is significantly suppressed in small rotation angles, and even becomes opposite to the applied
bias. We calculate the optical absorption spectrum in various asymmetric potentials and Fermi en-
ergies, and associate the characteristic spectral features with the band structure. The spectroscopic
features are highly sensitive to the interlayer bias and the Fermi energy, and widely tunable by the
external field effect.
I. INTRODUCTION
Twisted bilayer graphene (TBG) is a stacked and ro-
tated two-layer graphene with an in-plane rotation an-
gle other than the integer multiples of 60◦.1–3 With de-
creasing the rotation angle, the misorientation between
two lattice periods produces a moire´ interference pattern,
of which the spatial period widely varies with the rota-
tional alignment.4 Due to the band-folding by the long-
period potential, TBG exhibits a peculiar band structure
with a renormalized Fermi velocity and a reduced sad-
dle point energy, which is distinctly different from mono-
layer graphene and also from regularly-stacked bilayer
graphenes.2,5–13 In addition, the high-quality superlattice
potential, which is inherent to the lattice-mismatched
stacking of planar crystals, can offer a unique opportunity
to investigate the self-similar energy spectrum of charged
particles under the simultaneous influences of a periodic
potential and a magnetic field.14–20
As a superlattice, the optical absorption peak of TBG
systematically shift over a wide range of wavelength with
the rotation angle, suggesting that this structure is a
promising candidate for optoelectronic applications.21–27
However, the effect of the interlayer bias (i.e., the electro-
static potential difference between layers) on the optical
properties of TBGs has not yet been investigated. The
interlayer bias has been widely used in the band struc-
ture engineering of multilayer graphene systems.28–33 For
TBG, it is reported that the interlayer bias gives rise to
some novel properties in the band structure, such as the
additional renormalization of Fermi velocity and topolog-
ically protected helical modes.34,35
The purpose of this work is to reveal the band struc-
ture and the optical absorption spectrum of TBGs under
interlayer bias and charge doping. The low-energy spec-
trum of TBG is composed of four Dirac cones originating
from monolayer, and the Dirac point (electron-hole band
touching point) are relatively shifted in energy by apply-
ing an interlayer bias.5,34,35 As a rotation angle reduces,
however, we find that the Dirac point shift is strongly
suppressed and even becomes opposite to the case when
the interlayer coupling was absent. In the angle below 2◦,
the band structure is not simply regarded as the combi-
nation of Dirac cones any more, while the band touching
at K and K ′ always remains even in the interlayer bias,
owing to the C2 rotation symmetry. We calculate the
optical absorption spectra of TBGs for various interlayer
biases and Fermi energies, and associate the characteris-
tic absorption peaks and steps with the specific proper-
ties in the band structure. We find these spectroscopic
features strongly depend on the interlayer bias and the
Fermi energy, and thus widely tunable by the external
gate electric field.
This paper organizes as follows. Sec. II presents our
theoretical methods utilizing a tight-binding Hamiltonian
on explicit lattice models of TBGs. In Sec. III, we inves-
tigate the band structures of TBGs for various interlayer
bias. And in Sec. IV, we discuss the characteristic opti-
cal absorption spectrum of TBGs while changing Fermi
energy as well as interlayer bias. We conclude in Sec. V.
II. THEORETICAL METHODS
A. Atomic structure
In the TBG, the lattice structures of two layers can
be commensurate or incommensurate sensitively depend-
ing on the rotation angle. However, the basic physical
property almost continuously evolves with the period of
the moire´ interference pattern which continuously varies
with the rotation angle.21 Here we consider three specific
commensurate TBG’s θ = 9.43◦, 3.89◦, and 1.47◦, which
are illustrated in Fig. 1. The dashed (orange) and solid
(green) lines represent the lattices of layers 1 and 2. Since
the effects of the relative displacement between two lay-
2FIG. 1: (Color online) Atomic structures of TBGs with (a) θ = 9.43◦ and (b) θ = 3.89◦. Dashed (orange) and solid (green)
lines represent the lattices of layers 1 and 2, respectively. Black solid lines show the moire´ superlattice cell, of which lattice
constants are 1.50 nm, 3.62 nm, and 9.59 nm, respectively.
ers on the band structure of TBG are almost negligible,21
we only consider the structure where the two layers share
the atomic position at the center of rotation.
B. Tight-binding model
In studying the optical properties of TBG, its lattice
structures should be included explicitly into the model
Hamiltonian to catch the hidden symmetry of the system
correctly.21 To calculate the eigenenergies and eigenfunc-
tions of TBG, we used the single-orbit (pz) tight-binding
model, where the hopping integral t(Ri − Rj) between
any of two carbon atoms at Ri and Rj are described by
a conventional Slater-Koster formula with three param-
eters;
− t(d) = Vpppi(d)
[
1−
(
d · ez
d
)2]
+Vppσ(d)
(
d · ez
d
)2
,
(1)
where Vpppi(d) = V
0
pppi exp (−(d− a0)/δ0), Vppσ(d) =
V 0ppσ exp (−(d− d0)/δ0), d = Ri − Rj, d = |d|, the
nearest intralayer coupling V 0pppi ≈ −2.7 eV, the near-
est interlayer coupling V 0ppσ ≈ 0.48 eV, and the decay
length of the hopping integral δ0 ≈ 0.184a.9,36–38 Here,
a0 = a/
√
3 ≈ 0.142nm is the distance of neighboring A
and B sites on monolayer, and d0 ≈ 0.335 nm is the inter-
layer spacing. For TBGs, we consider the hopping within
d < 4a0, while for monolayer, AA, and AB, we consider
only the nearest neighbor hopping. The Hamiltonian is
written as
H = −
∑
〈i,j〉
t(Ri −Rj)|Ri〉〈Rj |+
∑
i
Vi|Ri〉〈Ri|+H.c.,(2)
where |Ri〉 represents the atomic state at site i, and local
on-site energy to include an effect of layer-dependent elec-
tric potentials in the presence of transverse electric field.
For TBG with separate top and bottom gate geometry,39
the system can be doped with different electric potential
for each layer. We model such a situation with a rigid
band approximation while varying Vi.
C. Dynamical conductivity
We calculate the dynamical conductivity
σxx(ω) =
e2~
iS
∑
α,β
f(εα)− f(εβ)
εα − εβ
|〈α|vx|β〉|2
εα − εβ + ~ω + iη ,(3)
from the eigenstate |α〉 (|β〉) obtained by the tight-
binding model. Here, the sum is over all states, S is the
area of the system, f(ε) is the Fermi distribution func-
tion, εα (εβ) represents the eigenenergy of the system,
vx = −(i/~)[x,H ] is the velocity operator, and η is the
phenomenological broadening which is set to 0.13meV in
the following calculations. A finite broadening factor η is
necessary to avoid a singular behavior in the numerical
calculation, and here we set it to a sufficiently small value
to simulate the nearly ideal system. A different choice
of η will change the broadening width of the absorption
spectra, are not much sensitive. Actual value of η in the
realistic situation depends on the quality of the sample
and also on the experimental details. The transmission of
light incident perpendicular to a two-dimensional system
is given by40
T =
∣∣∣1 + 2pi
c
σxx(ω)
∣∣∣−2 ≈ 1− 4pi
c
Reσxx(ω). (4)
III. BAND STRUCTURES
We calculate the band structure of TBG with the elec-
trostatic potential U/2 and −U/2 applied to the layer 1
and 2, respectively. Figure 2 shows the band structures
of TBGs with θ = 9.43◦ and 3.89◦ at U = 0, 0.1, 0.2 eV,
and Fig. 3 shows similar plots for θ = 1.47◦. We also plot
the density of states (DOS) of θ = 3.89◦ in Fig. 2(c). In
all the plots, the charge neutrality point is set to 0 eV.
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FIG. 2: (Color online) Band structures of TBGs with θ = 9.43◦ [(a), (d), and (g)] and θ = 3.89◦ [(b), (e), and (h)] for different
interlayer bias U = 0 eV, U = 0.1 eV, and U = 0.2 eV. Dashed (blue) and solid (red) lines represent the nearly degenerate
branches from the monolayer’s K and K′ region, respectively (see text). (c), (f), and (i) show the DOS of layer 1 (solid orange)
and 2 (dashed blue) in θ = 3.89◦ with U = 0, 0.1, and 0.2 eV, respectively. ε
(1)
D and ε
(2)
D denote the Dirac point energies of
layer 1 and 2.
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FIG. 3: (Color online) Plots similar for Fig. 2 for TBG with
θ = 1.47◦ with different interlayer bias (a) U = 0 eV, (b)
U = 0.1 eV, and (c) U = 0.2 eV. Note that the energy shifts
of the monolayer’s K and K′ branches with U are opposite
to those of the structures in Fig. 2 (see text).
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(a) Monolayer graphene
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(b) AA-stacked bilayer graphene
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(c) AB-stacked bilayer graphene
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FIG. 4: Band structure (left panel) and dynamical con-
ductivities at various Fermi energies εF (right panel) for (a)
monolayer graphene, (b) AA-stacked bilayer graphene, and
(c) AB-stacked bilayer graphene.
Four valleys K(l) and K ′(l) of the layer l (l = 1, 2) are
mapped to the two superlattice Dirac points K¯ and K¯ ′.8
In a low-energy regime, a Dirac cone in one layer strongly
interacts with only one Dirac cone in another layer, since
the other cones are too far separated to be mixed by the
slowly varying potential of the superlattice. Thus, each
energy band can be classified by the monolayer’s valley
character, i.e., K band from K(1)- and K(2)-points, and
K ′ band from K ′(1)- and K ′(2)-points,21 while it is folded
in the common reduced Brillouin zone. We marked the
bands with different colors in Figs. 2(a) and 2(b), accord-
ing to their original valley characters K and K ′. These
5two bands are mirror symmetric to each other with re-
spect to the lines of K¯ − Γ¯, K¯ ′ − Γ¯, and K¯ − K¯ ′.14 For
comparison, we plot the band dispersion of monolayer
graphene and two forms of regular bilayer graphene, AA
and AB, at the left panels in Figs. 4(a), 4(b), and 4(c),
respectively. Compared to the Dirac cones with offset
in AA, and also to the massive dispersion in AB, TBG
exhibits monolayerlike dispersion in the vicinity of the
charge neutrality point.2,5
The low-energy band structure of TBG is composed
of the Dirac cones originating from the two monolayer
graphenes. Due to the band folding, the band widths of
the lowest conduction band (e1) and valence band (h1) of
TBG gradually decrease as the rotation angle reduces.14
As the angle is further reduced, the energy scale of the
folded band becomes comparable to the interlayer cou-
pling energy. In θ = 1.47◦ (Fig. 3), the renormalized
band velocity is significantly reduced so that a flat band
arises near the Dirac point.5,7–10
When the interlayer bias U is introduced, it lifts the
degeneracy of the superlattice Dirac point. In large twist
angles θ > 10◦, the energy shift of the Dirac point ap-
proximates ε
(l)
D ≈ ±U/2 for layer l = 1, 2, respectively,
as if the two graphene layer were fully decoupled.5,34,35
This is because in large θ, the interlayer coupling is so
weak near zero energy that the Dirac cones of two lay-
ers remain almost independent. As the rotation angle
decreases, however, the energy offset between the two
Dirac points is suppressed. For U = 0.1 and 0.2 eV,
TBG with θ = 9.43◦ shows ε
(1)
D = 46.2 and 92.3meV
(≈ 8% suppression), while TBG with θ = 3.89◦ shows
ε
(1)
D = 31.7 and 61.5meV (≈ 38% suppression), respec-
tively. In small θ, the energy scale of the folded band
becomes comparable to |U | so that the interlayer band
mixing becomes prominent near Dirac points. Thus, the
wave function is distributed to both layers, and even at
the Dirac point, the layer polarization of the carrier is
weakened and the Dirac point shift is decreased. As θ
further reduces, the shift of Dirac point changes its sign,
as can be seen from the negative ε
(1)
D in Fig. 3(b)-(c).
Using the effective continuum model,21 the amount of
the shift can be approximately estimated as
ε
(1)
D = ±
U
2
(~vq)2 − 6u20
(~vq)2 + 6u20
, (5)
with ± for layer l = 1, 2, respectively, where u0 ≈
0.11eV is the interlayer coupling energy,21 and q =
8pi sin(θ/2)/(3a) is the length of the moire´ reciprocal lat-
tice vector. This is obtained by a few-mode approxi-
mation where only k-points that directly couple to the
Dirac point of layer 1 are taken into account in the ef-
fective continuum model.21 The detail of the derivation
is presented in Appendix. Equation (5) stands at large
angle θ such that ~vq ≫ u0, and also the moderate bias
|U | ≪ u0. The analytic expression shows that the Dirac
point shifts monotonically reduces as decreasing θ (i.e.,
decreasing q), and reaches zero at ~vq =
√
6u0, or
θc ≈ 3
√
6a
4pi~v
u0 ≈ 1.7◦. (6)
In Fig. 5(a), we plot ε
(1)
D for U = 0.1 eV calculated by
the full-wave effective continuum model, four-wave model
[Eq. (A1)], analytic model [Eq. (5)], and tight-binding
method. The four models are almost perfectly consistent
with each other at θ > 2◦. We plot ε
(1)
D at small an-
gle regime in Fig. 5(b). Figures 5(c), (d), and (e) show
the band structures from the monolayer’s K valley at
θ = 0.62◦, 1.47◦, and 2.5◦, respectively, calculated by the
effective continuum model. Equation (5) is no longer
valid for these cases because the condition ~vq ≫ u0
does not hold. In decreasing θ, the Dirac point drops
below zero at θ ≈ 1.7◦, but again increases and goes to
the positive region at θ ≈ 1◦. These features can be re-
produced by considering additional six-waves to the four-
wave model. As θ further reduces from θ = 1◦, the higher
energy bands begin to be mixed to the lowest band, and
the energy band is no longer described by the single Dirac
cone [Fig. 5(c)]. There the Dirac point energy exhibits a
complex oscillatory behavior.
It is somewhat surprising to see that the Dirac points
are never gapped even in the presence of the interlayer
coupling and the interlayer asymmetric potential. Gener-
ally, it is known that the coexistence of the time reversal
symmetry and the spatial inversion symmetry requires
vanishing of the Berry curvature at any non-degenerate
points in the energy band,41,42 and this guarantees the
robustness of band touching points in two-dimensional
systems.43 In a similar manner, we can show that the co-
existence of the time reversal symmetry and the in-plane
C2 (180
◦) rotation symmetry (instead of the inversion
symmetry) also concludes the same Dirac point protec-
tion in two dimensions, because the degree of freedom
in z-direction does not change the argument. The lat-
tice structure of TBG lacks the inversion symmetry but
possesses the C2 symmetry,
14 and moreover, C2 symme-
try holds even in the presence of the interlayer potential
asymmetry because C2 does not flip the layers. This is
the origin of the Dirac point protection in the asymmet-
ric TBG. In contrast, AB-stacked bilayer graphene has
the inversion symmetry but lacks the C2 symmetry, and
thus the band touching is lifted by the interlayer poten-
tial difference.44
The interlayer band mixing also influences the layer-
wise DOS of the biased TBG. In Figs. 2(f) and 2(i), we
plot the DOS for layer 1 and 2 by solid (orange) and
dashed (blue) lines, respectively. In a fully decoupled
bilayer, the DOS of the layer l should vanish at ε
(l)
D . Due
to the interlayer interaction, however, the layer-wise DOS
of the biased TBG does not completely vanishes at the
Dirac point of each layer. The minimum of the layer-wise
DOS at each layer’s Dirac point becomes substantial as
the rotation angle reduces or |U | increases.
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FIG. 5: Dirac point energy ε
(1)
D of TBG with interlayer bias U = 0.1 eV, as a function of the rotation angle in (a) wide and
(b) narrow ranges. In (b), we also plot the higher energy band calculated by the full-wave model. The bottom panels show the
band structures (showing only the bands from the monolayer’s K valley) at U = 0.1 eV for (c) θ = 0.62◦, (d) θ = 1.47◦, and
(e) θ = 2.5◦, calculated by the effective continuum model.
IV. OPTICAL SPECTRUM
We calculated the optical conductivities of the TBGs
for various Fermi energies εF and interlayer asymmetry
U . We plot the optical absorption spectra of TBGs with
θ = 9.43◦ for different interlayer bias of U = 0, 0.1, and
0.2 eV in Figs. 6(a), 6(c), and 6(e), respectively. Similar
figures for θ = 3.89◦ are presented in Figs. 6(b), 6(d), and
6(f). For comparison, we plot the absorption spectra of
monolayer graphene and regular bilayer graphenes (AA-
stack and AB-stack) at the right panels in Figs. 4(a),
4(b), and 4(c), respectively. When Fermi energy lies at
the charge neutrality point (εF = 0), the low-energy op-
tical spectrum of monolayer graphene exhibits universal
dynamical conductivity
σmono =
gvgs
16
e2
~
, (7)
due to the linear dispersion of the band.45–48 Here gs = 2
and gv = 2 are the spin and valley (K, K
′) degeneracy,
respectively. Meanwhile, AA-stacked bilayer at εF = 0
shows interband absorption step at 2V 0ppσ , since Dirac
points are located away from charge neutrality point.49,50
AB-stacked bilayer at εF = 0 exhibits absorption edge
at V 0ppσ which reflects the interband transition from the
low-energy band to the split band.51–55
The optical spectrum of TBG is characterized by sev-
eral unique features described below.
(i) Interband transition peaks associated with saddle
points. In each panel, we see a characteristic peak near
1.4 eV at θ = 9.43◦ and 0.5 eV at θ = 3.89◦. They arise
from the interband transitions between the saddle point
of the lowest band (h1 and e1) and the band edge of
the second band (h2 and e2), which are marked as s1
(h2 → e1) and s2 (h1 → e2) in Figs. 2(a) and 2(b).21
Here note that the direct transition between the saddle
points (h1 → e1) is forbidden by the selection rule.21
When εF is increased to the saddle point, one of the two
interband peaks (s1) disappears since the transition to
the occupied band e1 is no longer possible. In increasing
U , on the other hand, we see the interband transition
peaks become broad and the intensity gets significantly
reduced. This is because, in the presence of U , the sad-
dle point h1 (e1) and the band edge e2 (h2) shift in the
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FIG. 6: Dynamical conductivities of TBGs with θ = 9.43◦ with (a) U = 0 eV, (c) U = 0.1 eV, (e) U = 0.2 eV, and θ = 3.89◦
with (b) U = 0 eV, (d) U = 0.1 eV, (f) U = 0.2 eV, for various Fermi energies εF.
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FIG. 7: Plots similar for Fig. 6 for TBG with θ = 1.47◦ with
different interlayer bias (a) U = 0 eV, (b) U = 0.1 eV, and (c)
U = 0.2 eV for various Fermi energies εF.
opposite directions as we can see from Fig. 2, and this
strongly affects the joint density of states associated with
the transition s1 and s2.
(ii) Interband absorption step. In the symmetric TBG
(U = 0) at charge neutral (εF = 0), the optical con-
ductivity is close to 2σmono in the low frequencies. As
the Fermi energy εF deviates from 0, however, we have
a discrete step below which the absorption is absent,26
because the filled electrons forbid the corresponding exci-
tations. The feature is analogous to monolayer graphene
[Fig. 4(a)], as it reflects the charging of Dirac cone. The
step linearly shifts to higher energies until it vanishes
when εF reaches the saddle point, where the linear dis-
persion is lost.
In the presence of the asymmetric potential U , the in-
terband absorption step splits into two different energies
El = 2|εF − ε(1)D |,
Eh = 2|εF − ε(2)D |, (8)
due to the relative shift of Dirac point energies ε
(1)
D and
ε
(2)
D . The step positions El and Eh linearly depend on
U as expected from Eq. (5). We see similar absorption
steps in AA-stacked bilayer [Fig. 4(b)],50 where the Dirac
points are originally split at U = 0 by the interlayer cou-
pling energy ∼ V 0ppσ . These steps can be moved by the
interlayer asymmetry U , while the shift is just propor-
tional to U2 unlike in TBG.
(iii) Intraband absorption peaks. In the absorption
spectrum of charge-doped TBGs (εF 6= 0), we see a series
of peaks centered at ∼ 0.3 eV, which are clearly distinct
from those arising from saddle point interband transi-
tions [(i)]. Those peaks reflect the intraband transition
e1 → e2, which is indicated more specifically as t1 and t2
in Figs. 2(a) and 2(b). We see that the two energy bands
associated with t2 are almost parallel between M¯ and
Γ¯, where the transition energy is nearly equal to 0.3 eV.
This actually causes a sharp absorption peak near 0.3 eV.
On the contrary, the transition energy for t1 significantly
depends on wavevector k, giving a broad absorption peak.
In θ = 3.89◦, the t2 intraband peak splits into the two
peaks at 0.30 eV and 0.32 eV, reflecting the band anti-
crossing near the mid-point between M¯ and Γ¯. When
the Fermi energy is increased above the saddle point and
the second conduction band becomes partially filled, a
region with no-absorption appears in the broad t1 peak,
since the transition to the occupied band e2 becomes for-
bidden. In increasing the interlayer asymmetry U , we
see that the structure of the intraband transition peak is
not considerably changed, in contrast to the significant
broadening of the interband transition peaks (i). This is
consistent with the fact that the energy dispersion asso-
ciated the transitions t1 and t2 are not strongly modified
by U as we see in Fig. 2.
The optical spectrum of TBG with θ = 1.47◦ is quite
different from those of θ > 2◦ due to the significant dis-
tortion of the band structure. We plot the optical ab-
sorption spectrum of TBG with θ = 1.47◦ for different
9interlayer bias of U = 0, 0.1, and 0.2 eV in Figs. 7(a),
7(b), and 7(c), respectively. The low-energy spectrum
of TBG with θ = 1.47◦ at εF = 0 is characterized by a
unique absorption peak near 5.3meV, which is indicated
as s0 in Fig. 3(a). It is the transition between the flat
bands that gives a strong absorption peak. The peak
suddenly disappears as εF deviates from charge neutral-
ity point since the band width of e1 is very narrow. We
can also see two characteristic peaks at high-energy spec-
trum, which arise from the transitions s1 and s2 in Fig.
3(a). In TBGs with θ = 9.43◦ and 3.89◦, the interband
transition peaks (i) occur at M¯ where the band edge of
the second band (h2 and e2) resides there [Figs. 2(a) and
2(b)]. In TBG with θ = 1.47◦, however, the peaks occur
near K¯ and K¯ ′, at which the saddle points of the sec-
ond band reside [Fig. 3(a)]. Likewise with the peak from
s0, s1 also vanishes as εF deviates from charge neutrality
point. However, at that εF , a new peak from the intra-
band transition t3 in Figs. 3(a) and 7(a) is activated at
the energy close to s2. In increasing the interlayer asym-
metry U , each peak splits into two by the degeneracy lift
of the bands (Fig. 3). In increasing U , the lower-energy
peak s1 gradually redshift and their intensities are sig-
nificantly enhanced. The spectrum at around 0.45 eV
originates from the transition near Γ¯ [s′2 in Fig. 3(a)].
The corresponding transitions in TBGs with θ = 9.43◦
and 3.89◦ have the energy higher than s1 and s2, but in
θ = 1.47◦, it has much smaller energy than s1 and s2
due to the band folding. In the low-energy spectrum of
charge-doped TBGs (εF 6= 0), we see a series of peaks
that come from the intraband transitions t1 and t2 in
Fig. 3(a).
V. CONCLUSION
We investigated the band structure and the optical ab-
sorption spectrum of TBGs with varying interlayer bias
and Fermi energies theoretically. We showed that the
interlayer bias lifts the degeneracy of the superlattice
Dirac point, while the shift of the Dirac point is sig-
nificantly suppressed as the interlayer rotation angle θ
reduces. The low-energy band structure including the
Dirac point shift was analytically described by the effec-
tive continuum model. We calculated the optical absorp-
tion spectrum and associate the characteristic spectral
features with the band structure. The spectrum consists
of the interband and intraband transition peaks as well
as the interband absorption steps, where the peak (step)
positions and amplitudes are highly sensitive to the inter-
layer bias and the Fermi energy. Meanwhile, we showed
that both the band structure and optical spectrum of
TBG with θ = 1.47◦ quite different from those of θ > 2◦,
due to the strong band distortion caused by interlayer
coupling at the low-energy regime. Our calculation re-
sults as well as analysis can clarify optical spectrum of
TBGs in actual experimental setups such as TBGs on
top of different layered materials or the systems in field
effect transistor geometries.
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Appendix A: Derivation of the Dirac point shift
Here we derive an approximate analytic expression Eq.
(5) for the energy shift of the Dirac points in the TBG
under a asymmetric potential. We adopt the effective
continuum model,21 and construct the Hamiltonian only
taking account of the k-points that directly couple to the
Dirac point of layer 1, K
(1)
ξ (ξ = ±1 for monolayer’s K
and K ′, respectively). In the effective model, the mono-
layer state of the layer 1 at k couples to the state of the
layer 2 at k, k− ξGM1 − ξGM2 , and k− ξGM2 , where GM1
andGM2 are moire´ reciprocal vectors, by the Fourier com-
ponent of the moire´ superlattice potential. The reduced
Hamiltonian of the four-wave approximation becomes
Heff(k) =


H
(1)
ξ (k) + U/2 U
†
1 U
†
2 U
†
3
U1 H
(2)
ξ (k)− U/2 0 0
U2 0 H
(2)
ξ (k− ξGM1 − ξGM2 )− U/2 0
U3 0 0 H
(2)
ξ (k− ξGM2 )− U/2

 , (A1)
with
H
(l)
ξ (k) = −~v(k−K(l)ξ ) · σ,
U1 = u0
(
1 1
1 1
)
,
U2 = u0
(
1 ω−ξ
ωξ 1
)
,
U3 = u0
(
1 ωξ
ω−ξ 1
)
, (A2)
whereK
(l)
ξ is the Dirac point of the layer l, σ = (σx, σy) is
the Pauli matrices, u0 ≈ 0.11 eV represents the in-plane
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Fourier component of the interlayer transfer integral, and
ω = exp(2pii/3). For a moderate bias such that ε
(1)
D ≤
−U/2 + ~vq, where |q| = |K(1)ξ − K(2)ξ | = |GM1 |/
√
3 ≈
8pi sin(θ/2)/(3a), the secular equation det(E−Heff(k)) =
0 at k = K
(1)
ξ is reduced to
E − U
2
=
6u20
(E + U/2)2 − (~vq)2 (E +
U
2
). (A3)
Assuming also 6u20 >> E
2, U2/4 for a moderate bias, the
Eq. (A3) finally gives an analytic expression Eq. (5).
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